are mathematicians, the former a professor in the Faculte des Sciences of Paris and the latter a teacher at the Lycee Fenelon. Jean was a composer. He had written music of durable quality when, in 1932, he died of consumption at the age of twenty-five. Louis was a physicist at the University of Poitiers. During the late war he was a member of a resistance organization. He was arrested in 1942 and after fifteen months in captivity was guillotined by the German authorities at the age of thirty-four. Against this double tragedy one may set the brilliant achievements of the eldest son Henri in analysis, notably in potential theory and the theory of analytic functions of several complex variables, in various aspects of group theory and in topology. Elie Cartan had a warm affection for the people of this country, which he expressed when writing to at least one of his English friends and by gifts to British prisoners of war.
differential geometry and topology. One of Cartan's characteristic qualities is the combination of his great architectural power with his vast and intimate knowledge of special cases.
Cartan's first papers were published in 1893. They, and other papers which he published during the three subsequent years, centre round his thesis, which appeared in 1894. The principal item in the thesis is the classification of simple Lie algebras over the complex field. Cartan proved that they fall into four main classes, in addition to which there are just five exceptional algebras. Lie had proved that the algebras in the four main classes are simple and Killing had discovered the five exceptions. However, Lie had not attempted a complete classification and some of Killing's arguments were faulty. The correct proof of the classification theorem required some difficult algebraic argument, which Cartan supplied, and his thesis is the basis for most of the subsequent work on Lie algebra.
In the years 1897, 1898 Cartan turned his attention from Lie algebras to linear associative algebras. In (13, 1898) * he proved the Wedderburn structure theorem for algebras over the real and complex fields. The methods which Wedderburn (1908) used in proving his theorem are more suitable than Cartan's to the problems of linear associative algebra. Indeed this paper of Wedderburn's is one of the outstanding contributions to the subject and it is reasonable to associate the theorem with his name. But the fundamental importance of Cartan's paper (13), which Wedderburn duly acknowledged, should not be forgotten.
In 1913 and 1914 Cartan published what were, perhaps, the best of his papers on Lie algebra. The first of these was on the irreducible, linear representations of semi-simple Lie groups with complex parameters. Actually he started by investigating the sub-groups of a projective group which leave no linear sub space invariant. He discovered that such a group is semi-simple and he gave a method for generating all the irreducible (linear) representations of the semi simple Lie groups. In (39) Cartan achieved the analogous result over the real field. In (38) he investigated the 'real forms' of the simple Lie algebras. It emerges from his thesis that any simple Lie algebra over the complex field can be referred to a basis with respect to which the constants of structure are real. In (38) Cartan gave a complete classification of such bases, under the rela tion of equivalence over the real field, for all the simple algebras. The results in this paper are the basis of a (local) classification of symmetric Riemannian spaces, with positive definite ds2, which Cartan made twelve years later. When he reconsidered this algebraic problem in terms of symmetric spaces he was able to restate it as a problem concerning involutory automorphisms of Lie algebras. This threw considerable light on the nature of the problem and Cartan was able to elucidate the geometrical problem still more when he considered it from the global point of view. This is a striking example of the synthesis between the Lie theory, classical geometry, differential geometry and topology, which is to be found in Cartan's work.
These papers on algebra constitute only a comparatively small part of Cartan's work during the years 1893 to 1914. In 1896 he published a paper on integrals extended over manifolds of sub-spaces of Euclidean space. This is a paper on integral geometry and it contains a number of beautiful theorems of the sort which are to be found in W. Blaschke's book on that subject.
This was followed by the work on linear associative algebra and then by the first of Cartan's great papers on systems of total differential equations (14, 1899). In this paper he gave a comprehensive account of the theory of a single Pfaffian form and of its applications to the theory of partial differential equations. The two most distinctive features of the paper are:
(a) the application of Grassmann algebra to the theory of exterior differential forms; * (b) the introduction and the use made of the derived forms on", ..., of a Pfaffian form on=u1 d.xq + ... +un dxn , which are defin is the ordinary derived form
where dp is the Grassmann-Cartan product of given forms 6, Thus o(/>) is a form of order p + 1. Cartan proved that the class,f c(co), of on is less than p 4-1 if, and only if, o /p) is identically zero. Also, with the help of the derived forms, he gave a new and very concise description of the reduction of on to its normal form, where each ttK ix is a Pfaffian form. In this case, and only then, there is a unique integral sub-space of n-r dimensions through each generic point, where n is the number of independent variables involved. Cartan studied Pfaffian systems in full generality. Among other things he analyzed the integral sub-spaces in terms of a decreasing sequence of g non-negative integers, where g*Cn-r. These are called the characters of the system and g is called the genus. He proved that, if o </><£, there is a family of (p + l)-dimensional integral sub-spaces, each of which contains a given 'generic' integral sub-space of dimensions, the latter being a single point if p = 0. Moreover, he show arbitrariness of a general ^-dimensional integral sub-space can be expressed in terms of the characters. This part of his work is described with beautiful clarity in the book Lefons sur la probleme de Pfaff by E. Goursat.
Besides this general theory of the integral sub-spaces of Pfaffian systems Cartan did important work on the equivalence of Pfaffian systems and on comparatively special problems with important applications to the theory of partial differential equations. For example, he gave a classification of all Pfaffian systems in five variables and showed how the theory of two second order differential equations in involution, with two independent variables and one unknown function, can be expressed in terms of such systems (30). In 1927 he gave the first complete proof that a Riemannian space of n dimensions can be locally imbedded, isometrically, in Euclidean space of w(« + l)/2 dimen sions. This is a deep and difficult exercise in his theory of Pfaffian systems in involution.
Cartan's later work on differential geometry and the analytical aspects of the Lie theory and his book on invariant integrals (64) indicate how large is the field of application of his work on Pfaffian systems. Among other things, the theory of Pfaffian forms lies at the centre of that beautiful chapter of mathe matics which is concerned with contact transformations, invariant integrals and Hamiltonian dynamics.
Cartan's first few papers on differential equations were followed, during the years 1904 to 1909, by his papers on infinite transformation groups, as defined by Lie. Such a group is 'infinite' in the sense that its general transformation cannot be expressed in terms of a finite set of parameters. In general it is only defined as a local group, or pseudo-group, whose transformations operate on different open sub-sets of Cartesian space. Finally a (local) group, G, of this kind is defined as the totality of transformations which leave invariant a given set of differential equations. The transformations in G are themselves given by a set, D, of differential equations. Since G is infinite the general solution of D is not expressed in terms of a finite set of parameters. For example, D might consist of the single equation which is obtained by setting the Jacobean determin ant of an unknown transformation equal to unity. Then G would consist of all transformations which preserve volume.
Let G be a (local) group of transformations, operating on ^-dimensional Cartesian space. Then G is said to be imprimitive if, and only if, it transforms among themselves a family of disjoint ^-dimensional sub-spaces, where o < k< n.If it is not imprimitive G is said to be primitive. Cartan proved that a primitive, infinite group, operating in Cartesian w-space, is one of the following:
1. the group of all (differentiable) transformations,* 2. the group of transformations which leave volumes invariant, 3. the group of transformations, each of which alters volumes by a constant factor, 4. if n= 2r ( r > 2), the group which leaves invariant the surface integral j | dx1dx2 + ... + dxn _ j dxn, 5. if « = 2 r ( r > 2), the group of transformations, each of which alters this integral by a constant factor, 6. if n = 2 r-\ ( r > 2), the group of contact transformations, in Cartesian r-space, treated as point transformations in Cartesian n-space. A description of his methods, which I am not competent to give, is to be found in the volume Selecta. This was published by Gauthier-Villars in 1939, on the occasion of Cartan's scientific jubilee. It contains a comprehensive account of his work, written by Cartan himself.
As far as I know there have been very few, if any, new contributions to the general theory of infinite groups since these papers of Cartan. This is doubtless due to the difficulty of the subject and also to the appearance of temporary finality in Cartan's work. That is to say, there does not seem to have been much hope of greatly extending his theory with the methods which have been avail able during the last forty years. At the present time the obvious questions are those concerning global infinite groups, acting on ^-dimensional manifolds. It may be that a theory of such groups will be constructed on the basis of Cartan's local theory. In this case it would not be surprising if the latter were eventually considered to be his greatest work.
From 1916 onwards Cartan's papers, with one or two exceptions, were on differential geometry, including the theory of generalized spaces and differential geometry in the large. This work on differential geometry would, by itself, have been sufficient to establish Cartan among the leading mathematicians of his half-century. It is remarkable that he embarked on it when he was nearly fifty years old and maintained a steady output of first-class work throughout the subsequent thirty years.
Let us briefly recall the state of geometry just before and just after the dis covery, in 1916, of general relativity. During the period between this time and 1870 ideas concerning the foundations of geometry had been dominated by Felix Klein's Erlanger Program. Riemann's philosophical concept of geometry had been ignored by most geometers though the analytical side of his theory had been extensively developed, notably by Ricci and Levi-Civita. After the discovery of general relativity, which was based on Riemannian geometry, it was realized that the Erlanger Program was no longer adequate as a general description of geometry. The first person to understand the mathematical implications of this, in anything like their full generality, seems to have been H. Weyl. Weyl introduced generalized affine, projective and conformal geometries, whose relation to their classical counterparts was analogous to that of Riemannian to Euclidean geometry.
After the publication, in 1918, of Weyl's first paper in this field, and of one by J. A. Schouten, the development of the subject was guided by two rather different sets of ideas. One of these, due to Cartan, is described below. Accord ing to the other, which was first formulated explicitly by O. Veblen in 1928, at the Bologna International Congress, a geometry is the study of a 'geometric object', such as a tensor or projective connexion, from which others can be derived by certain formal processes. One of the main objectives is to define a complete set of invariants, such as the curvature tensor and its successive co variant derivatives in generalized affine geometry. If the space is analytic its local structure is determined by the values of the invariants at an arbitrary point. The Princeton differential geometers were the thorough-going exponents of these ideas. Weyl, Schouten and other European mathematicians were sympathetic to them but were less radical with regard to the Erlanger Program.
We now consider Cartan's ideas, starting with his treatment of the Kleinnian differential geometries which are to be generalized. First of all consider the differential geometry of an r-dimensional Lie group G, which is to be regarded as an analytic manifold. Let Ts be the tangent space of (contravariant) vectors at the point seG and let s + ds denote a vector in Ts. Then s-1(s + d5)e71 e, where eeG is the unit element. Let aff^ + ds), ..., a/(s + ds) be the coordinates of s-1(s + ds) with reference to a basis for Te. Then each of co1, ..., is a Pfaffian form, which is invariant under the group of left translations s^>as. The latter may be defined by the differential equations cax{t +d£) =o/(s-j-ds) (A = l, ..., r), which express the fact that the transformation s-+t leaves each a / invariant. The equations of Maurer, or of Maurer-Cartan as they are usually called when written in this form, are
where d o / is the derived form of co\ c is the Grassmann-Cartan product of co^, co" and C* are the constants of structure J of G. More precisely, these are the constants determined by the infinitesimal left translations and the chosen basis for Te. Now let G operate as a group of transformations in an analytic, w-dimensional manifold X . The group determines a Kleinnian geometry in X . Let G be transitive and let RcG be the sub-group of stability § of a point Then G is a fibre space over X with fibre R and projection, p:G-+X, given by ps=sxQ (seG). Moreover pXa = ap,where Aa:G->-G is the left translation Let h :U^G be a local cross section, where U is an open sub-set of X . That is to say hi s a map, which we assume to be analytic, such that phx =x for every point xeU. The map h induces a homomorphism h*, such that h*d=dh*, of the Grassmann-Cartan algebra of forms in G into the Grassmann-Cartan algebra of forms in U. Let 9X =h*cox. Since =dh* and h* is a homomorphism it follows from (I) that
f From this point the summation convention will be used. Except when the contrary is stated Roman indices will take the values 1, . n and Greek indices the values 1, . r.
| The factor £ occurs in (II) because d(uAdsx) = (8uJ8s^)ds^dsx -{\){8ux!8s^ -du^/Ss^ds^ds^. § That is to say, R consists of all the transformations in G which leave xQ fixed.
The equations (II) are fundamental in Cartan's theory of moving frames. In this theory a frame is a figure, F, in X such that no transformation of other than the identity, leaves F invariant. For example, there is always a finite, ordered set of points which is a frame in this sense. In any case if F is a frame so is aF, for each aeG. In practice a frame, F, is generally used to set up special kind of coordinate system. For example, let be a Euclidean space and G the group of displacements. Let F be an ordered set of mutually ortho gonal, unit vectors with a common origin. Then each frame aF determines, in the usual way, a rectangular, Cartesian coordinate system for X . This is a map K a:X->C, where C is Cartesian w-space, and the construction is such that K a = K ea~x. Hence it follows that the parameters (i.e. the matrix) of a trans formation tiX-^-X(teG), when t is expressed in the coordinate syste are the same as the parameters of a~xta expressed in the In particular ba~x, which transforms aF into bF, has the same analytical expre sion, when referred to the frame aF, as a~ referred to transformation (a-\-da)a~x has the same analytical expression referred to as a~x(a~\~da) referred to F. Similar remarks apply to the general case.
In the books (145) and (158), on which these paragraphs are mainly based, the distinction between the transformation ( and its analytical ex pression a~x(a+da) is explained, as above, in terms of coordinate systems. Alternatively the significance of the 'parameter', as apart from the trans formation, ba~x:X-> X , may be explained as follows, without reference to coordinates. An ordered pair of frames (aF, bF) constitutes a single geometric figure, which may be called a 'displacement'. Two displacements (aF, bF) and (axF, bxF), are congruent if, and only if, ax =sa, bx =sb for some In particular (aF, bF) is congruent to (F, a~ The frame and a given element seG is defined as the 'parameter' of the class of displace ments congruent to (F, sF). Thus a~xb is the parameter of the class which contains (aF, bF). The distinction between the transformation ba~x and the parameter a~xb is essentially the same as the distinction between the two parallelisms in the geometrical theory of G (see (91), (101) and Schouten 1929) .
The totality of frames may be regarded as a manifold, which is the image of G in the analytic homeomorphism a-+aF. A vector in to the manifold of frames may be regarded as a frame, which is 'infinitely near' to aF. The parameter of the 'infinitesimal displacement' (aF, (a+d«)F) is the element a~x(a+da) Let Te be same basis as before. Then o>1(a + d«), ..., are the parameters of (aF, (a+da)F). Let h:U-+G mean the same as before. If xeU we have
Therefore ^1(x + dx), ...,
9r(x+ dx) are the parameters of t displacement ((hx)F, h(x + dx)F).
The equations (II) generalize the equations of Darboux, with which they coincide when G is the group of Euclidean displacements in three dimensions and the usual basis is chosen for the Lie algebra. y8
Obituary Notices
Let X k be a ^-dimensional, analytic sub-manifold of X . The method of moving frames depends upon a systematic construction for assigning a frame, Fx, to each point, xeU k, where TJk is a relatively open sub-set of X k. Such a construction, which is of a stepwise nature, is explained in the books (145) and (158) . At each step certain conditions have to be satisfied. The first, or 0th, condition is the following. Assume that xQ is a point of the figure F. We call axQ the origin of the frame aF and insist that x shall be the origin of Fx, for every xeUk. This being so, Fx may be any one of the family {arF}, where x = axQ and reR. The degree of arbitrariness in Fx is step-wise reduced series of conditions which involve the elements of contact of orders, 1, 2, __ The final result provides a complete set of differential invariants of X k.
The forms 91, ..., 6r are only defined in U. Moreover they are not u defined even in U since the map h is not, in general, preferable to any other map, hx:U->G,which defines a local cross-section. Since if xeU it follows that ( hx)~1hxx e R . Therefore where k\U->R. Let + dx), ..., 9[(x-\-dx) are the coordinates of the vector
where ||a*(s)|| is the matrix of the linear map which is induced by the inner automorphism t^~s~1ts of G, and / is the identical the basis for Te be such that the last r-n basis elements span the tangent space at e to R. Then a* (s) =0 if seR, i^n and up>n. Also co1 = ... =con =0 in , whence k*tul =0. Therefore (III) are of the form
in which a*(k) stands for a*(kx) when x + dx is the argument of 9X, 6K and k*l*uoK. In addition to (IV) the set of forms 91, ..., 9r are also subject to linear homogeneous transformations, with constant coefficients, due to a change of basis in Te. One may also consider the effect of replacing by where p's = s x ' Q , for some other point x'Q eX. However Cartan, though h derived f the transformation law (IV), was content with a fixed map p or, what comes to the same thing, a fixed frame F as a basis for assigning parameters to displacements.
In order to define the generalized geometries Cartan shifts the emphasis from the Group G, operating on X , to the forms 91, ..., 9r. He assumes that it is these forms which are given in the first place. They are required to satisfy the condition (II), where C^v, G and Te mean the same as before, but G does not necessarily operate on X . It is also assumed that r> « , that the last r-n basis elements in Te generate a closed, | (r-w)-dimensional sub-g Cartan describes the group of holonomy in the following terms. Let F be a frame attached to the point y Q =Pie in Y and let the to the point PiKt) ( 0 < /< l) . Let 0=£o <^< . . . <^= 1 and let ? (g =0, q). Imagine an observer, 0 ?, at the point g{t^)eX, who assigns geometry of Y to X , in such a way that his first order calculations agree with those made by an observer at p xsseY, relative to the frame Suppose that Os communicates to his 'position and orientation', relative to ss_^F, in the form of the parameter, ^Z1 ! ss, of the displacement ( s^F , ss F). Suppose further that the position and orientation of 0 ? is communicated back to 0 0, in the form of the parameter
h (s l's 2)...(s~\ ss) =ss,
through the intermediaries Os_ t, ..., Ov Then Oq, whom we may suppose to coincide with Oq, communicates to himself the parameter Therefore the element sq, of the group of holonomy, may be interpreted as the error in thi indirect communication. In (88) Cartan made a detailed analysis of the groups of holonomy of various types of generalized space.
The forms 91, ..., 9r may be said to define a local, generalized (G, i?)-geometry in U, which is 'locally holonomic' if, and only if, G 1 =... = 0 r =0. The same geometry is defined by a set of forms, 9\, ..., 9\, which are related to 91, ..., 9r by (III) or (IV), where k is any analytic map k:U->R. Let © j, ..., ©[ be the forms which are given by (VI) when 91, ..., 9r are replaced by , ..., 9\.
Then it follows from (III) and (VI) that
where a k ( k) is to be interpreted as in (IV). The two sets of forms 91, ..., and 9\, ..., 9\ are representatives of the same 'Cartan connexion' and 0 1, ..., ©r and ©{, ..., ©[ are representatives of the corresponding 'curvature tensor'. Notice that these definitions are still of a local nature. Though Cartan did much work on global differential geometry, some of which is described below, he did not, to my knowledge, extend this general theory of 'nonholonomic (G, i?)-geometries' from the small to the large. A Cartan (G, i?)-connexion in X may be defined globally as a maximal family of pairs ( U, 9), such that (a) U is an open sub-set of X and is a Te-valued Pfaffian form, which is defined throughout U and satisfies the above condition concerning 9XTX, (b) the union of all the sets U is the whole of X , (e) if (U, 9) and (Ux, 9X) are any two of these pairs then 9, 9X UnUj, are related by (III), where l kiUoU The family of sets U, indexed to the totality of the forms , together with the set of maps k, suggest the structure of a fibre bundle. However, the same transformation, 9-+9x, may be determined by more than one map (e.g. by k and k' if k'x =rQ {kx), where rQ is a constant element in the centre of R). Therefore a Cartan connexion, in this sense, does not necessarily determine the structure of a bundle.
In order to define a Cartan connexion in the sense of Ehresmann we start with a principal fibre bundle, B, over X , having group and fibre R. Let 
in U p Up where k-: U p Uj->R is defined by <^(v,r) =(f>t(x,(ki:jx)r) and a(k{j) has a meaning similar to that of a*(k) in (IV). We have <f)j(x,r) =(hjx)r, where h-\ Uj-+B is the local cross-section given by and b-^-br is a right translation of B. Therefore p x =(hix)(ki]x) and (VIII) agrees with (IV) if
B = G, X = G/R and the projection is the natural one. The functions k-also determine a fibre bundle, E, over X with R as group and Y = G/R as fibre, where G, and hence , operate on Y in the usual way. Since rR =R it follows that E admits a cross-section, which is identified with X in such a way that the projection E-+X becomes a retraction. Let Yx be the fibre containing a given point
x e X and let T at x to X , Yx. Then Ehresmann exhibits an isomorphism TX -> T'X, which is uniquely determined by the Cartan connexion. This may be used to identify T'x with Tx. Therefore Yx may be regarded as tangent to X at x.
In some cases (e.g. the tangent bundle) there is a natural construction for E, without reference to a Cartan connexion, which provides for a natural identification T'X = TX. T. Y. Thomas (1926 a) , in effect, gave such a con struction in case G is the group of collineations in a real, ^-dimensional pro jective space, Y, and f Ri s the group of stability of some point in T'x = Tx there is no natural way of imbedding Tx in the tangent projective space, Yx. O. Veblen (1929) did this with the help of a covariant projective vector. Weyl (1929) made a comparison between the work of Cartan, on generalized geometry, and that of Veblen, Thomas and other Princeton geometers. Weyl paid particular attention to the degree of contact between the tangent pro jective space and the underlying manifold, which was subsequently discussed by Cartan in his book on spaces with projective connexions (156). Ehresmann's formulation of the subject enhances the importance of Thomas' construction for E and of the similar construction which Thomas (1926 b) gave for conformal spaces.
In addition to his work on non-holonomic (G, 7?)-geometries, Cartan wrote two books on geometry of a rather different kind. The first (141, 1933) intro duced a new kind of geometry, based on the notion of area, and the second (143, 1934) was on Finsler spaces. There was already a fairly extensive literature on Finsler spaces by the time Cartan wrote his book. But, as far as I know, the book on area geometry was entirely original. It is the theory of a scalar density L(x, u), where ui s a covariant vector at the point in a given manifo L is homogeneous of degree unity in u. This gives rise to an intricate formal theory, in which there are interesting geometrical interpretations. One of Cartan's greatest contributions to geometry is his theory of symmetric spaces. This theory has its origins in (87) and in two papers (91, 92, 1926) , which he wrote in collaboration with Schouten. In (91) he and Schouten showed how a semi-simple group, G, can be treated as a Riemannian space of a particularly interesting type. The two groups of translations (right and left) are isometric transformations of G. The continuous group of isometric transformations of G is the direct product of these two groups, each of which is isomorphic to Q itself. The Riemannian geometry in G 'admits' two absolute parallelisms, which are determined by these groups. Here the word 'admit' is used in the following sense. The angle between any two vectors at a given point is the same as the angle between the two parallel vectors at any other point. Also the unit f tangent vectors at different points of any geodesic are parallel to each other. If G is the group of rotations in 3-dimensional Euclidean space its Riemannian geometry is elliptic and the two parallelisms are the Clifford parallelisms. In (92) Cartan and Schouten determined (locally) all the Riemannian spaces with irreducible J positive definite ds2, which admit an absolute parallelism in this sense. They proved that such a space has the local structure either of a simple group or of 7-dimensional elliptic geometry. They indicated how this exceptional case arises out of the Cayley non-associative division algebra.
A generalized afRne space, which may or may not be Riemannian, is said to be symmetric if, and only if, the covariant derivative of its curvature tensor vanishes. It is not difficult to prove that this is so if, and only if, the (local) reflexion in each point is an affine collineation. This is the sense in which these spaces are symmetric. The deep part of the existing theory is concerned with Riemannian spaces. But what is, perhaps, the best introduction occurs in a paper (101, 1927) on the generalized affine geometry of groups which are not neces sarily semi-simple. This geometry centres round the two affine connexions, without curvature but with torsion, determined by the two parallelisms, and a third connexion which has no torsion and whose geometry is symmetric.
Let Sb e a given symmetric affine space. The collineation which results from successive reflexions about near-by points, xQ , xeS, is called a transvection along the geodesic, or 'path', xQ x. The family of transvections along the geodesics through xQ , though in general not a group, is in many ways analogous to the group of translations in flat affine geometry. Let G be the group of affine collineations in S. Then this family of transvections is a totally geodesic sub space, T, of G. The space T acquires an affine geometry from the symmetric geometry of G. With this induced geometry T is a symmetric space and it is proved in (101) that T is affinely equivalent to S.
The relation between S and T may be described more precisely as follows. Let < j x be the reflexion in the point xeS. For each seG, which lies suitably near , let < f > s be the local transformation of T which is given by = crsxcr0 ( = oxJ . Obviously < f > s is the identity if s = e and if teG is be a small neighbourhood of xQ and let /:£/-> be gi fs = cf)sf and the map / is an affine collineation in the sense of generalized affine geometry. Let s = tr, where teT and r is in the group of stability of x0. Then it may be verified that < f > st' =trt'r~1t ( t ' e T) and that ftx Before publishing this more general, but less penetrating, account of symmetric spaces Cartan had proceeded a long way with the theory of irreduc ible, symmetric Riemannian spaces, with positive definite ds2. Let S be such a space and let G be the group of isometric transformations of S into itself. Then Cartan proved, in (94), that G is semi-simple and that it is simple except in the case when S is itself a simple group. In this case G fails to be simple for the reason which has already been indicated. In this, and in the previous paper, (93), Cartan reduced the problem of determining all irreducible, symmetric Riemannian spaces to a problem in Lie algebra, which he was able to solve in two ways. The solution which has turned out to be the most fruitful reduces the problem to that of determining all the real forms of simple Lie algebras. Cartan had solved the latter problem twelve years previously in (38).
In some of Cartan's subsequent papers this theory was greatly simplified and extended. Also Cartan was able, in (116), to clarify his earlier work on real Lie algebras by means of the following theorem. Let be the quadratic form associated with a simple Lie algebra, A, over the complex field. If aeA, then t/j2(a) is the sum of the squares of the characteristic roots corresponding to a. There is precisely one real form, A u, of A for which i/j2 is negative definite. Let ax, ..., ar be a basis for A u, or A, according as real or complex coeff are used. Let § be an involutory automorphism of A u. Then aly ..., ar may be chosen so that = ax or -aK according as A<s or for s (0 < s< r). Since § is an automorphism of A u those constants of structure vanish for which an odd number (i.e. 1 or 3) of the indices have values in the range s + 1, ..., r. Therefore the complex transformation, r, which is given by rax =ax or iaK , according as A<s or A>s, transforms A u into another real A'. What Cartan was able to prove in (116) is that any real form of A is thus related to A u for some value of s.
The automorphism <y.Au->~Au determines the local structure of symmetric Riemannian space, S u, with a positive de finitesimal group of motions in S u is a representation of The group generated by av ..., as is the group of stability of a point xQ eS and as+u ..., generate the transvections along the geodesics through xQ . The Lie algebra A ' is in a similar relation to an irreducible, symmetric Riemannian space, with a positive definite metric. The Riemannian curvature corresponding to any surface element in S u is non-negative and the Riemannian curvature of S' is never positive. Cartan proved that, with one exceptional class, the irreduc ible, symmetric Riemannian spaces with positive definite metrics occur in pairs of this nature. The exceptions also occur in pairs, which are similarly related. But in this case S u is the space of a simple group G, with negative definite ifj2. Then A u is the Lie algebra of the direct product Therefore conjugacy by 0 leads to the automorphism b)-+(b, of G. Let § be the corresponding (involutory) automorphism of A u and let be defined as before. Then A ' is the Lie algebra over the complex field, of which the Lie algebra of Gi s a real form. To A ' corresponds a local symme space S'. As before S u has non-negative and S ' non-positive Riemannian curvature. All local, irreducible, symmetric Riemannian spaces with positive definite ds2 occur in pairs S u, S ' of the types described in this and in the preceding paragraph.
In the book (134) Cartan showed that classical projective geometry is greatly enriched by the theory of symmetric spaces. For example he shows that the totality of anti-polarities, which are defined by positive definite Hermitian forms in projective space of n-1 complex dimensions, is a S', whose local structure is paired with that of the group of unitary n x n matrices («> 1). It is instructive to consider this theorem in purely algebraic terms. Let SL be the group of complex n x n matrices with determinant + 1. Let UcSL be the sub-group of unitary matrices and H cSL the set of positive definite Hermitian matrices with determinant unity. Then a given matrix in S L has a unique expression of the form hu, where ueU (Chevalley 1946) . The group U consists of all the matrices which are invariant under the automorphism a-> a ! 1 of SL, where a' is the transpose of the ma a, which is complex conjugate to a, and 1 If a=hu let be defined by p ji 1 =huh1u~1h = ah1u h '= ah1a , in agreement with the above definition of Then pa transforms in the manner of the matrix of an antipolarity from linear (w-2)-spaces to points in projective space.
From the study of the local structure Cartan proceeded to the global theory of groups and other symmetric spaces. His starting-point for this was the use made by Weyl (1925) of topological methods in the theory of linear representa tions of semi-simple groups. Let
Gb e a (global) connected, and let p 2 be the quadratic form of its Lie algebra. It is fairly easy to prove that j/f2 is negative definite if G is compact. Weyl was able to prove that, con versely, G is compact if is negative definite. Cartan (103, 113), using different methods from Weyl, was able to improve this theorem. He also proved (116) that any compact group is locally isomorphic to the direct product of an Abelian group, and, possibly, a semi-simple group.
Cartan also gave the first proof of the Third Fundamental Theorem of Lie (123). This theorem, in the form in which Lie proved it, asserts the existence of a 'local group', or group germ, which determines given constants of structure, subject to the usual conditions on the latter. Cartan proved the existence of a group, which determines the given constants.
Let A u, A ' mean the same as above and let Gu, G' be (global, connected) groups of which A u, A ' are the Lie algebras. Then it follows from Weyl's theorem that Gu is compact and G' non-compact. In either case let R be the sub-group of Gu or G' which is generated by ..., as. Then the linear adjoint group of R leaves a definite quadratic form invariant. Hence it follows that its ifj2 is negative definite. Therefore R is compact and hence a closed sub group of Gu or G' . Therefore the symmetric space S u or S' may b globally as the factor space Gu/R or G ' j R .Such a symm complete in the sense that any geodesic can be continued indefinitely in either direction. Therefore any incomplete, irreducible, symmetric Riemannian space with positive definite ds2 has the same local structure as a complete space. Since Gu is compact so is GJR. Since R is compact and G' non-compact it follows that G'/R is non-compact.
Cartan proceeded to develop the global theory of symmetric spaces, which includes the topological theory of simple groups. Among other things he generalized the notion of rank from groups to locally irreducible symmetric spaces with positive definite ds2. Through a given point, pQ , in such a space S, of rank A, there passes a family of A-dimensional, locally Euclidean sub spaces. Each of these sub-spaces is totally geodesic and any two of them are equivalent, locally at least, under the group of stability of pQ . If S is non compact and simply connected they have the topology of Euclidean space. If A = 1 and S is compact (and connected) all the geodesics are periodic and all (closed) geodesics have the same length.
One of Cartan's greatest papers in this field is (118), on compact manifolds in which a transformation group acts transitively. Let S be such a manifold and G the group. Let gcG be the group of stability of a point p0eS. Let T0 be the tangent space at pQ and let y be the group of linear transformations in T0 which is determined by g. An exterior form in S, which is invariant under G, is determined by its value at p0. Conversely, an alternating multi-linear function, a, of vectors in T0, which is invariant under y, determines an exterior form, coa, in S, which is invariant under G. Therefore the problem of determin ing all the invariant exterior forms, or integrals, in S is reduced to the algebraic problem of determining the alternating invariants of y. Let be symmetric. Then, by a theorem in (118) , every invariant, exterior form in S has a vanishing exterior derivative. Let G be compact. Then it is also proved in (118) that (a) any exterior form, a>, in S is equivalent to an invariant form 77, in the sense that co-7 ti s an exterior derivative, (b) an invariant form, which is an exterior derivative, is the exterior derivative of an invariant form.
Therefore, if G is compact and S symmetric, the map a->coa determines a 1-1 correspondence between the alternating invariants of y and the equivalence classes of exterior forms in S. In consequence of de Rham's theorems it follows that a->-a>n determines an isomorphism AZZH, where A is the Grassmann algebra generated by the alternating invariants of y and H is the cohomology ring of S, with real coefficients.
Let G be compact and S symmetric and let ||aj|| be the matrix which is determined by a given element aey and a basis for T that the Poincare polynomial, P(t), of S is the mean value of the determinant | a'j+tfy |, when integrated over y. From this he deduced that, if is a com pact group of rank /, then P (l) =2l and that is divisible by (J3 + l)(? + 1);-1 if the group S is simple.
Cartan wras also able to make progress with the theory of non-compact groups and symmetric spaces. He proved that the space of a simply connected, non-compact group is the topological product of a Euclidean space and, possibly, one or more compact, simple groups. Thus the topological theory of compact groups provides much information concerning the topology of non-compact groups. Cartan also proved that the first Betti number of a non compact, simple group is either 0 or 1.
Cartan's work on symmetric spaces was virtually complete by 1931. In 1932 he published a group of papers on a subject which had been first considered by Poincare (1907) . Let C be the Cartesian space of 2 complex variables, x, y, in which a hyper-surface is a sub-space of 3 real dimensions. Let D, D'cC be domains in the sense of function theory. A map D-kD', which is defined by analytic functions of x, y, is called pseudo-conformal. Poincare studied the equivalence of hyper-surfaces in C under pseudo-conformal maps. During the years 1931-1935 Henri Cartan made very considerable contributions to this subject. Henri Cartan's work was evidently of great help to his father, especially in the researches which led to (146, 1935) . Elie Cartan's first paper (135) in this field was concerned with the geometry of the hyper-sphere, or hyper-conic, E, which is g are two notable classes of curves on E, the chains an are the intersections of E with complex lines. The latter are the images of the circle consisting of the real points on E under homographic transformations which leave E invariant. Cartan proved that any 1-1 transformation of E on itself, which maps each chain onto a chain (but is not assumed to be continuous), is induced by an homography or anti-homography of C, which leaves E in variant. He also proved the analogous theorem in which chains are replaced by circles.
The paper (140) starts with a complete, global classification, under pseudoconformal transformations, of hyper-surfaces which admit transitiye, pseudoconformal groups and are not of the sort called hyper-planoid. There are fourteen classes, in eight of which the hyper-surfaces are locally equivalent to the hyper-sphere E. The hyper-surfaces in the other six are not locally equivalent to E. In this he was helped by a theorem due to B. Segre (1931) , from which it follows that the local pseudo-conformal group of a hyper-surface is a Lie group of at most eight real parameters. Moreover, if the local group has more than three it has eight parameters and is similar to the local group of the hypersphere. This classification theorem was followed by a study of pseudoconformal invariants. In the second part (136) of this paper Cartan developed a hyperspherical differential geometry.
In (146) Cartan considered analytic transformations of n complex variables. His starting-point was a theorem due to Henri Cartan (1935) . This states that the group which consists of all reversible, pseudo-conformal maps of a bounded domain on itself is a Lie group of at most 2) real dimensions. The paper (146) is concerned with bounded domains whose pseudo-conformal groups are transitive. Such a domain is said to be homogeneous. A domain, , is said to be symmetric if, and only if, there is a pseudo-conformal involution, Z)-kD, which has a given point of D as an isolated fixed point. A bounded, symmetric domain is necessarily homogeneous. One of the fundamental theorems proved in (146) states that the component, G, of the identity in the pseudo-conformal group of a bounded, symmetric domain, is semi-simple. Let G be simple. Then D is homeomorphic to Euclidean space. It has a symmetric Riemannian metric, with respect to which G is the group of (continuous) motions. Cartan gave a complete classification of all such domains. Moreover, he proved that, if n = 2, then every bounded, homogeneous domain is symmetric and is equivalent either to the domain given by xxKl, XV<1 or to the one given by x x+ yy K 1. He announced the theorem that every bounded, homogeneous domain is symmetric if n= 3. Apparently his proof was long not to publish it.
This must suffice. Cartan did important work in the theory of relativity and the theory of spinors, which I have not attempted to describe. He continued to make mathematics until two or three years before his death, and his last paper must have appeared within a few days of his eightieth birthday.
J. H. C. W hitehead

